Scaling theory predicts complete localization in d = 2 in quantum systems belonging to orthogonal class (i.e. with time-reversal symmetry and spin-rotation symmetry). The conductance g behaves as g ∼ exp(−L/l) with system size L and localization length l in the strong disorder limit. However, classical systems can always have metallic states in which Ohm's law shows a constant g in d = 2. We study a two-dimensional quantum percolation model by controlling dephasing effects. The numerical investigation of g aims at simulating a quantum-to-classical percolation evolution. An unexpected metallic phase, where g increases with L, generates immense interest before the system becomes completely classical. Furthermore, the analysis of the scaling plot of g indicates a metal-insulator crossover.
I. INTRODUCTION
It has been understood that the scaling properties of the conductance g are determined by one-parameter scaling theory 1, 2 . The scaling function, namely β function reads β(g) = d(ln g)/d(lnL) 1 , where g is the conductance and L is the size of the sample. When β = 0, the system is at the transition point. Positive β shows that the conductance g increases with the system size L indicating a metallic state. The conductance g decreases with the size L when β < 0 characterising an insulating state. The β function is always negative in d = 2 for a quantum system belonging to orthogonal class. Thus, there is no metal-insulator transition(MIT) in d = 2 for arbitrary weak disorder, according to the scaling theory. The conductance g behaves as g ∼ exp(−L/l) with system size L and localization length l. However, it is well known that there could be a MIT in the classical systems. Ohm's law tells us that the conductance g is constant for a classical metal regardless of L in d = 2. The performances of g in the quantum and classical systems are very different. Phase coherence is one of the key features that determines whether a system is quantum or classical. However, phase coherence can be easily lost in real systems, and the system tends to be a classical one under dephasing effects. Thus, a metallic state may appear instead of complete localization. The mechanism of how the phase coherence affects the MIT in a quantum-toclassical evolution is not clear until now.
In the present paper, we study a two-dimensional(2D) quantum percolation model [3] [4] [5] [6] describing the dynamics of a quantum particle moving in a random system. According to one-parameter scaling theory, all the states in such a 2D quantum system are localized under the Anderson disorder 7, 8 . On the other side, classical perco- lation theory always has a threshold P c of the percolation transition. Therefore, we investigate the evolution process in details. We introduce the dephasing mechanism to destroy the quantum coherence for the purpose of switching from a quantum percolation model to a classical one. Here, we consider a two-terminal device with a central region of a 2D quantum percolation model and two ideal leads. We control in such a way that the dephasing process only takes place in central region. Specifically, the dephasing process is introduced by using Büttiker's virtual probes 9, 10 . These virtual probes are coupled to the lattice sites with the current-conserving condition. We calculate the conductance g for a finitesize system numerically by using the Landauer-Büttiker formula combined with the non-equilibrium Green function method [10] [11] [12] [13] [14] . We find that an unexpected metallic phase appears before the system is entirely switched into a classical one. The conductance g in the novel metallic phase increases with the system size L. This is not consistent with the classical Ohm's law, which shows the conductance g is constant in 2D. Thus, it is more appropriate to say that the novel metallic phase contains semi-quantum and semi-classical contribution. Furthermore, the scaling function of g under different coherent lengths L ϕ is inspected to gain deep insights. We show that the novel metallic phase maybe a consequence of metal-insulator crossover.
The rest of the paper is organized as follows. In Sec. II, we introduce the quantum percolation model. Dephasing mechanism is brought in to simulate a quantum-toclassical evolution. In Sec. III, we calculated the conductance numerically with the Landauer-Büttiker formula accompanied by the non-equilibrium Green function method. We show the numerical results of the conductance with the disorder and dephasing. An unexpected metallic phase appears near the region P = 1. The novel phase may contain semi-quantum and semiclassical contribution. We then investigate the scaling behaviour of the conductance g. The evidence shows a metal-insulator crossover. Finally, we give a brief summary in Sec. IV.
II. MODEL AND METHOD
We start from considering a two-terminal device as shown in Fig. 1 . The Hamiltonian of the central region is the 2D quantum percolation model 3-6 which can be written as
where the sum ij goes over the nearest neighbor sites. The on-site energy ε i obeys the uniform distribution over the interval [−W/2, W/2] with the disorder strength W . The bond between the nearest sites is either present t ij = 1 with probability P or absent t ij = 0 with probability 1 − P . As shown in Fig. 1 , the central region is sandwiched between the left(L) and right(R) leads with size N = L × L. Unlike the central region, we assume that the L(R) leads are both ideal conductors. When the probability P < P c in such a percolation model, the electrons injected from the left lead cannot flow through the central region to the right lead. Thus, there is no current in the device. Once the probability excess the threshold value P c , current can flow into the right lead. The conductance is calculated by applying the Landauer-Büttiker formula combined with the non-equilibrium Green function method [10] [11] [12] [13] [14] . We only add the dephasing effects in the central region. The dephasing mechanism is introduced by using Büttiker's virtual probes 9, 10 to simulate the quantum to classical percolation evolution. We assume that the lattice sites are randomly chosen to be connected to the virtual leads with the dephasing probability p v and the dephasing strength t v . The black dots in Fig. 1 shows the lattice sites i which are coupled by the virtual leads. There are totally N v = p v × N virtual leads in the central region.
We add a small bias V = V L − V R between the left lead and right lead, which can drive a current flowing along the longitudinal direction. Either real or virtual lead current I p (p = L, R, 1, 2, . . . , N v ) is given by multiprobe Landauer-Büttiker formula 9,10
where V p is the bias in the lead p. The transmission function from lead q to lead p is expressed as 
, where E is the Fermi energy. After we get the current I L , the conductance can be directly obtained as g = (V L − V R )/I L . We note that the percolation probability P , the dephasing probability p v and the dephasing strength t v can affect the coherent length L φ remarkably 15 .
III. UNEXPECTED METALLIC PHASE
We come to the main results of our work. Firstly, let us investigate the conductance g of quantum percolation model versus the probability P by varying the parameters: the width L, the dephasing effects p v and t v at a given Fermi energy E = −1 eV and the disorder strength W = 4, as shown in Fig. 2 . In quantum percolation model, the conductance g is zero at small probability P . When P increases, electron clusters span from the one side of the lattice to the opposite side, then the conductance g becomes nonzero.
It is clearly found that the decreasing behavior of g with increasing L of Fig. 2(a) indicating that all the states are localized due to the disorder strength W . This is consistent with the one-parameter scaling theory. Then, we bring the dephasing mechanism in the system. For example, we add 20% virtual leads of the lattice sites to the system with dephasing strength t v = 0.5 along with the disorder. We find that all the curves of g with different L cross at a single point about P c ≃ 0.92 (see Fig. 2(b) ). More remarkably, the conductance g increases monotonously with the width L in the region for P c < P < 1. That means an unexpected metallic phase occurs beyond the cross point P c . The inset in Fig. 2(b) is the enlargement of the unexpected metallic phase. The most fascinating of the metallic phase is that its nature cannot be attributed to either the quantum class or the classical class alone. Next let us see the details. Based on the one parameter scaling theory, all the states are localized in quantum systems. Notice that the dephasing mechanism is introduced here, our model undergoes a quantum-to-classical evolution. When the dephasing strength is large enough, our system will be totally classical (see Fig. 2(d) ). Although metal is common in 2D classical model, Ohm's law gives a fixed conductance g regardless of the system size L. Thus, the novel metallic phase is not a classical one. At a moderate dephasing strength of Fig. 2(b) , the system can be in a transitional situation interplay between the quantum and clas- sical percolations. Hence, the metallic percolation phase should contain the semi-quantum and semi-classical contributions. Furthermore, we find in Fig. 2(c) that the curves do not cross but merge when increasing the system size up to L = 108 with the dephasing strength and disorder unchanged. This is the hallmark of Ohm's law in the classical category. As above, when we increase the dephasing strength to a larger value in Fig. 2(d) , there is also an overlap trend of these curves. Consequently, we can explain the results in Fig. 2 (c) and (d) from a classical perspective. One of the hallmarks of quantum systems, compared to classical ones, is the existence of phase coherence . Because the phase coherent length is an important length scale in quantum transport, we will study it in details below. The current under dephasing effects contains the phase-coherent part and phase-incoherent part. When increasing the dephasing effects, the ratio of the phaseincoherent part also increases. At a certain value p v and t v , both parts could have equal percentage. Thus, the system size L is recognized to be equal to the phase coherent length L ϕ 15 . In Fig. 3 , we show the phase coherent length L ϕ versus the probability P at the fixed disorder and dephasing strength. It should be noted that L ϕ is a continuous value in realistic systems. The dashdotted lines may be the possible tracks of L ϕ . The step-like performance of L ϕ shown in Fig. 3 is due to the constraints of numerical algorithm in which L ϕ is an integer equal to the system size L. If we add more virtual probes coupling with the lattice sites by increasing p v , we find that the coherent length L ϕ gets conceivably smaller by comparing the two figures in Fig. 3(a) and (c). This agrees with common belief that dephasing always destroys the quantum coherence. In Fig. 3(d) , we keep increasing the dephasing strength t v on the basis of Fig. 3(c) . As a result, the coherent length L ϕ continues to decrease. In addition, the disorder strength increases, the coherent length L ϕ also decreases (see Fig. 3(b) ). Now we can use the phase coherent length L ϕ obtained in Fig. 3 to uncover the physical origin of Fig. 2 . In the quantum percolation limit, L ϕ ≫ l (the localization length), the system is strong localized with g ∼ exp(−L/l). Thus, the system is an insulator (see Fig. 2(a) ). When the dephasing mechanism is brought in, the phase coherent length becomes finite. During the quantum-to-classical evolution, there would be a transition at a suitable L ϕ . At a certain dephasing strength, L ϕ is comparable with the system size L before becoming complete classical. Meanwhile, when L ϕ < l (the localization length), the system is in the ballistic-like transport, and hence a metallic behaviour appears. For a percolation system, the larger probability P is, the longer the localization length l is. Thus, l can exceed L ϕ near P = 1 and is shorter than L ϕ in the region of small P . In particular, the region near P = 1 presents better ballistic-like property. When L ϕ keeps on getting smaller, a real sample can be divided into several phasecoherent blocks with length L ϕ . In each phase-coherent block, quantum principle is valid. The whole sample can be viewed as an ensemble of small phase-coherent block in the classical regime. More virtual leads (p v ) and larger dephasing strength (t v ) contribute to a smaller coherent length L ϕ . A similar situation occurs when increasing the system size L in Fig. 2(c) . In such case, the system should be classical and the conductance g obeys an ohmic scaling law. When L ϕ ≪ L, the curves of the conductance g should merge.
At last, we follow the standard one-parameter scaling analysis 7 of the data in Fig. 2 and show the results in Fig.  4 . The characteristic length ξ is obtained by collapsing data of the conductance g into a single curve. The curve represents the scaling function. We inspect the scaling behaviour of the conductance g on two branches: the metallic side P > P c (see Fig. 4(a) ) and the insulating side P < P c (see Fig. 4(b) ). The figure shows that all the datas of conductance can merge into a single curve for different system sizes L. The inset is the plot of lnξ versus the probability P , where ξ(P ) diverges at P c . By requiring ξ(P ) ∝ |P − P c | −ν in the vicinity of P c , we can extract the critical exponent ν. We analyze the divergence of ξ in terms of a power law ξ(P ) ∝ |P − P c | −ν on the metallic side shown in Fig. 5 . However, we find a linear fit with slope ν = 8.07, much higher than any known 2D disordered systems. Based on percolation theory, the critical exponent with classical systems gives ν = 4/3 in d=2 16 . Beyond this, we have inspected more scaling curves by changing the dephasing parameters. By employing a power law, the critical exponent ν is still very large with the dephasing altered. The reason is probably that a power law is not suitable in our case. Finally, we argue that this is due to the nature of a metal-insulator crossover.
IV. CONCLUSION
In conclusion, we investigate the whole evolution process from 2D quantum to classical percolation. Without dephasing, the system is a quantum percolation model with localized states. When increasing the dephasing effects in the quantum percolation model, the system switches towards the classical one gradually. Remarkably, an unexpected metallic phase exists at a moderate dephasing strength, and the behaviour of the conductance deviates from the classical Ohm's law. The scaling behaviour of the conductance in the presence of dephasing effects suggests a metal-insulator crossover.
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